We prove a version of the Chevalley Restriction Theorem for the action of a real reductive group G on a topological space X which locally embeds into a holomorphic representation. Assuming that there exists an appropriate quotient X = =G for the G-action, we introduce a stratification which is defined with respect to orbit types of closed orbits. Our main result is a description of the quotient X = =G in terms of quotients by normalizer subgroups associated to the stratification.
Introduction
Let G be a connected complex semisimple Lie group and let us consider the adjoint representation of G on its Lie algebra g. If h is a Cartan subalgebra of g, then the inclusion h ,! g induces a homomorphism of the algebra C½g of polynomials on g into the algebra C½h of polynomials on h. Let C½g G denote the set of invariant polynomials on g with respect to the adjoint action of G on g. If W is the Weyl group of g with respect to h, we denote by C½h W the set of W-invariant polynomials on h. The Chevalley restriction theorem states:
(Chevalley) The inclusion h ,! g induces an isomorphism C½g G ! C½h W .
In terms of algebraic quotients this means that we have a canonical isomorphism h= =W ! g= =G of algebraic varieties.
The Chevalley restriction theorem was generalized by Luna and Richardson ([5] ) and by Schwarz ([11] ) to actions of complex reductive groups on a‰ne varieties and to actions of compact groups on smooth manifolds, respectively.
Assume that X is an irreducible normal a‰ne variety equipped with a regular action of a complex reductive group and denote by p : X ! X = =G the algebraic quotient. Then there exists a Zariski open subset U of X and a subgroup H of G such that each fiber of the restricted quotient U ! U= =G contains a closed orbit of orbit type G=H. Let X H be the set of H-fixed points in X and let N G ðHÞ be the normalizer of H in G. (Luna, Richardson) Assume that the quotient X H = =N G ðHÞ is irreducible. Then the inclusion X H ,! X induces an isomorphism X H = =N G ðHÞ ! X = =G of a‰ne varieties.
Let G be compact and let X be a smooth G-manifold such that the quotient X =G is connected. Then there exists a generic isotropy group, i.e. a subgroup H of G such that in a G-invariant dense open subset of X each orbit is of orbit type G=H. Let X hHi :¼ fx A X ; G x ¼ Hg and let X hHi denote the closure of X hHi . (Schwarz) The inclusion X hHi ,! X induces a homeomorphism X hHi =N G ðHÞ ! X =G:
We give a version of the Chevalley Restriction Theorem for actions of real reductive groups on topological spaces which are locally embedded into representations.
More precisely our setup is as follows. Let U C be a complex reductive group with compact real form U. Then the map U Â iu ! U C , ðu; xÞ 7 ! u expðxÞ, is a di¤eomorphism. We call a closed subgroup G of U C real reductive, if G ¼ K expðpÞ for K :¼ G X U and p :¼ g X iu.
If X is a G-representation which is given by restriction of a finite dimensional holomorphic U C -representation, then the topological Hilbert quotient p : X ! X = =G exists. By definition, this quotient identifies two points in X if and only if the closures of the G-orbits through these points intersect. For a subset Y H X which is G-saturated, i.e. for which p À1 À pðY Þ Á ¼ Y holds, or which is closed and G-invariant, the quotient Y ! Y = =G exists and is given by the restriction p j Y : Y ! pðY Þ. We call a topological G-space X a locally G-semistable space, if the topological Hilbert quotient p : X ! X = =G exists, and if for each x A X there exists a G-saturated open neighborhood W of x and a complex reductive group U C containing G as a closed compatible subgroup such that W is G-equivariantly homeomorphic to a closed G-invariant subset of an open G-saturated subset of a holomorphic U C -representation space V .
If X is a locally G-semistable space and G Á x is a closed orbit in X , then there exists a geometric G-slice at x as follows. Let G x be the G-isotropy group at x and let S be a G x -invariant locally closed subset of X which contains x. Then G x acts on G Â S by h Á ðg; sÞ ¼ ðgh À1 ; h Á sÞ and the restricted action G Â S ! X , ðg; sÞ 7 ! g Á s induces a map C : G Â G x S ! GS where G Â G x S denotes the quotient ðG Â SÞ=G x . We call S a geometric G-slice, if C is a homeomorphism onto an open subset. Here it follows from the construction that the slice S can be chosen such that GS is G-saturated and S is a locally G x -semistable space.
For a locally G-semistable space X , each fiber of the quotient p : X ! X = =G contains a unique closed orbit and this orbit is also the unique orbit of minimal dimension in that fiber. For a compatible subgroup H of G, we define X hHi to be the set of points x A X such that G Á x is closed and G x ¼ H. We call I H ðX Þ :¼ p À1 À pðX hHi Þ Á the G-isotropy stratum of H in X . One of our results is that the sets I H ðX Þ define a stratification of X .
If G is complex reductive and acts regularly on an irreducible complex space, then there exists a dense stratum. This is also the case if G is compact and X is a smooth Gmanifold such that the quotient X =G is connected. For actions of real reductive groups, the stratification is more delicate. Even if X is a G-representation space, a dense stratum does not necessarily exist. Originally we were interested in actions on smooth manifolds but the fact that strata are not smooth in general motivated our definition of a locally Gsemistable space. Here a stratum in X and even the closure of a stratum are again locally G-semistable spaces and they contain a dense stratum.
In the following, we assume that the locally G-semistable space X contains a dense stratum. Let x 0 A X and let G Á x be the unique closed orbit in the fiber p À1 À pðx 0 Þ Á . Let G Â G x S ! GS be a slice at x. Since S is a locally G x -semistable space, we have the notion of G x -isotropy strata in S. We define nðx 0 Þ to be the number of open G x -isotropy strata in S which contain x in their closure and we call nðx 0 Þ the splitting number at x 0 . Note that the splitting number is one in the simple cases where the existence of a dense stratum is guaranteed.
Our main result is the following.
Restriction Theorem. Let X be a locally G-semistable space containing an open and dense G-isotropy stratum I H ðX Þ. Then the topological Hilbert quotient p N : X hHi ! X hHi = =N G ðHÞ exists and the inclusion X hHi ,! X induces a continuous finite surjective map F : X hHi = =N G ðHÞ ! X = =G: For x A X , the number of points in the fiber F À1 À pðxÞ Á is equal to the splitting number nðxÞ. If x A X hHi with nðxÞ > 1, then F is not open at p N ðxÞ.
Here by a finite map, we mean a proper map with finite fibers. In the special case where the splitting number is constantly one, the map F is a homeomorphism. The splitting number is one for points in the stratum I H ðX Þ and I H ðX Þ is again a locally G-semistable space, so in particular the restriction X hHi = =N G ðHÞ ! I H ðX Þ= =G of F is a homeomorphism.
Our result is new even for a representation of a semisimple real group or more generally if X is a G-representation space which is given by restriction of a holomorphic U Crepresentation. If the representation space X contains a dense stratum, then X hHi is the subspace of H-fixed points in X . In particular X hHi is smooth. This holds also if X is a smooth locally G-semistable space containing a dense stratum.
If G is complex reductive and if X is a holomorphic G-representation, a dense stratum always exists and the splitting number is constantly one. Consider the adjoint representation of the complex reductive group G on its Lie algebra X ¼ g. Here X hHi is a Cartan subalgebra h of g. The group H acts trivially on h, so the quotient X hHi = =N G ðHÞ coincides with the geometric quotient h=W where W ¼ N G ðHÞ=H is the Weyl group. Thus we get the assertion of the Chevalley restriction theorem. For the adjoint representation of a real reductive group, a dense stratum does not necessarily exist. But for each open stratum I H ðgÞ, the Lie algebra h is a real Cartan subalgebra. So, restricting the quotient g= =G to I H ðgÞ we get a version of the Chevalley restriction theorem for the adjoint representation of a real reductive group.
If X is an irreducible normal variety equipped with a regular action of a complex reductive group G then a dense stratum exists and the splitting number is constantly one. Due to normality of X , the map F is an isomorphism of varieties. If the quotient X H = =N G ðHÞ is irreducible then it coincides with X hHi = =N G ðHÞ and we obtain the theorem of Luna and Richardson where it is assumed that X H = =N G ðHÞ is irreducible.
If G is compact and X is smooth, then the condition that X =G is connected guarantees that there exists a dense stratum in X . Moreover the splitting number is constantly one, so we obtain the result of Schwarz.
The author would like to thank P. Heinzner and G. Schwarz for helpful discussions and remarks on the content of this paper.
Locally semistable spaces
2.1. Real reductive groups. Let U C be a complex reductive Lie group with compact real form U. If u denotes the Lie algebra of U, then U C ¼ U expðiuÞ. Here the map U Â iu ! U C , ðu; xÞ 7 ! u expðxÞ is a di¤eomorphism. Note that U C is the universal complexification of U in the sense of [4] . We denote by y the Cartan involution with fixed point set U.
We say that a Lie subgroup G of U C is compatible, if G ¼ K expðpÞ for a subgroup K of U and a subspace p of iu. A y-stable closed subgroup of U C is compatible if and only if it has only finitely many connected components (see e.g. [7] , Lemma 1.1.3). We call G ¼ K expðpÞ the Cartan decomposition of G. Note that K is compact if and only if G is closed. Moreover, we call a Lie subgroup H of G compatible if it is compatible with the Cartan decomposition of U C or equivalently, if there exists a subgroup L of K and a subspace q of p such that H ¼ L expðqÞ. Note that the latter condition depends only on the Cartan decomposition of G and not on the choice of U C . In the rest of this paper, G will denote a closed compatible subgroup of a fixed complex reductive group ðU G Þ C and G ¼ K expðpÞ will denote the associated Cartan decomposition of G.
2.2. The topological Hilbert quotient. Let X be a topological G-space, i.e. a topological space equipped with a continuous action of G. We define a relation on X by setting x @ y if and only if the closures G Á x and G Á y of the orbits G Á x and G Á y intersect. If this relation is an equivalence relation, we define X = =G :¼ X =@ and call the quotient p : X ! X = =G the topological Hilbert quotient. If every G-orbit in X is closed, in particular if G acts properly on X , then the quotient X = =G is the usual orbit space X =G. This happens automatically if G is compact.
Assume that the topological Hilbert quotient
it is open and Gsaturated. Furthermore, we call a subset Y of X a G-locally closed subset, if the following equivalent conditions are satisfied:
For a G-locally closed subset Y of X the quotient Y ! Y = =G exists and is obtained by restriction of the quotient X ! X = =G.
Semistable spaces.
Recall that G is a compatible subgroup of a complex reductive group ðU G Þ C with Cartan involution y. Let r : G ! GLðV Þ be a representation of G on a finite dimensional complex vector space V such that r y ¼ y 0 r for a Cartan involution y 0 of GLðV Þ. Equivalently, we assume that we are given a complex reductive group U C which contains G as a compatible subgroup and a holomorphic representation r : U C ! GLðV Þ. For this, note that U C :¼ ðU G Þ C Â GLðV Þ is complex reductive and that the map g 7 ! À g; rðgÞ Á embeds G into U C and respects the Cartan decomposition. Conversely, given a holomorphic representation of a complex reductive group U C , there exists a Cartan involution y 0 of GLðV Þ which contains the compact group rðUÞ in its fixed point set.
We may assume that U acts by unitary operators on V by choosing a U-invariant
Then f is a U-invariant strictly plurisubharmonic exhaustion function on V and we get an induced Uinvariant Kähler form o :¼ 2iqqf . The U-action on V admits a moment map, i.e. a U-
Here U acts on u Ã by the coadjoint action, m x is by definition the function m x ðvÞ ¼ mðvÞðxÞ, the fundamental vector field x V is given by
Explicitly, a moment map is given by
Identifying u Ã and iu with respect to a U-invariant inner product hÁ ; Ái on u C , the moment map induces by restriction a map m p : V ! p, given by
Then m p is K-equivariant and satisfies the defining equation grad m x p ¼ x V where the gradient is taken with respect to the Riemannian metric on V associated to the Kähler metric. Therefore we call m p a G-gradient map.
We call a G-invariant locally closed subset X of V a G-semistable space if each Gorbit which is closed in X is also closed in V . In the following we consider the restriction m p : X ! p of the gradient map to X . Define M p to be the zero fiber m À1 p ð0Þ H X .
The following results are established in [10] and [3] .
Theorem 2.1. The topological Hilbert quotient p : X ! X = =G exists and has the following properties:
(1) Each fiber of p contains a unique closed G-orbit.
(2) Each non-closed orbit in a fiber of p has strictly larger dimension than the closed orbit in that fiber and contains the closed orbit in its closure.
(3) For x A M p the orbit G Á x is the unique closed orbit in the fiber p À1 À pðxÞ Á . In particular, the theorem states that the orbits which intersect M p are exactly the closed orbits and that M p intersects each closed orbit in a K-orbit. So the quotient M p =K parameterizes the closed G-orbits in X .
Remark. Note that in particular the quotient
For later use we record
Proof. Let x A Y X M p and let x n A Y be a sequence converging to x. Then there exist y n A G Á x n X M p . Note that y n A Y since Y is G-locally closed. The sequence pðy n Þ ¼ pðx n Þ converges to pðxÞ. Since the restriction of p to M p is proper, we may assume that y n converges to a y A M p . Then y A Y and pðyÞ ¼ pðxÞ. 
If H is a closed compatible subgroup of G then it follows from the definition that a G-semistable space is also an H-semistable space. Compatible subgroups of G occur naturally as isotropy groups of closed orbits. Lemma 5.5) . Let X be a G-semistable space and let x A M p . Then the isotropy group G x is a closed compatible subgroup of G with Cartan decomposition [3] we recall the construction of a slice at a point
The isotropy G x acts on the product G Â W by h Á ðg; sÞ ¼ ðgh À1 ; hsÞ. We denote the quotient of this action by G Â G x W and we denote the element G x Á ðg; sÞ by ½g; s. The action of
Similarly, for an arbitrary G-semistable space X we get ( [14] , Corollary 4.5, Lemma 4.9) Theorem 2.6 (Slice Theorem). Let X be a G-semistable space and let x A M p . Then there exists a locally closed G x -stable subset S of X containing x, such that GS is G-open in X and such that the map
With the same notation as in the Slice Theorem, we call the data ðG x ; S; V Þ a slice model at x. We will identify S H X with the corresponding G x -locally closed subset of V without further mentioning it. Let ðG x ; S; V Þ be a slice model at x A M p and g A G. Then G gx ¼ gG x g À1 and g Á S contains gx. Then we get a homeomorphism G Â G gx gS ! GS. This shows that the assumption x A M p could be replaced by the assumption that G Á x is closed. Note that G gx is not necessarily a compatible subgroup of G.
2.5. Locally semistable spaces. Let X be a topological G-space such that the topological Hilbert quotient p : X ! X = =G exists. We call X a locally G-semistable space if every x A X has a G-open neighborhood W which admits the structure of a G-semistable space, i.e. there exists a complex reductive group U C containing G as a compatible subgroup and a holomorphic U C -representation space such that W is G-equivariantly homeomorphic to a G-locally closed subset of V .
Example 2.7. Let X be an a‰ne complex variety equipped with a regular action of a complex reductive group G such that the algebraic Hilbert quotient exists. Then the topological Hilbert quotient exists and topologically coincides with the algebraic quotient. Moreover, X can be G-equivariantly embedded into a regular G-representation, so X is a G-semistable space. More generally, if X is an arbitrary complex variety, such that the good quotient (see [1] ) exists, then X is a locally G-semistable space.
Similarly, a complex space with a holomorphic action of a complex reductive group G such that the analytic Hilbert quotient exists, is a locally G-semistable space. Here this follows from [13] .
Lemma 2.8. Let X be a locally G-semistable space and let H be a closed compatible subgroup of G. Then X is a locally H-semistable space.
Proof. If X is a G-semistable space, then it follows from the definition that it is also an H-semistable space. In particular, the quotient with respect to the action of H exists. Since a locally G-semistable space X is covered by G-open subsets which are G-semistable spaces, it follows that the quotient X ! X = =H exists. Since a G-saturated subset is also H-saturated, the claim follows. r
The notion of the zero fiber of a gradient map does not make sense for a locally Gsemistable space. As a substitute, we define X cc H X to be the set of points x A X such that G Á x is closed and such that G x is compatible. For a G-semistable space we have M p H X cc . In particular, in a locally G-semistable space each closed G-orbit intersects X cc since it has a neighborhood which is a G-semistable space. Conversely for a locally G-semistable space X and an x A X cc there exists a G-saturated open neighborhood of x which is a G-semistable space such that x A M p . For this, we first observe that there exists a slice model ðG x ; S; V Þ at x A X cc since by definition there exists a G-open neighborhood of x which admits the structure of a G-semistable space containing G Á x as a closed orbit. In particular the Gaction on this neighborhood is given by restriction of a holomorphic U C -representation, where U C is complex reductive and contains G as a compatible subgroup. The complex an-
By [12] , Lemma 1.16, there exists a proper holomorphic U C -equivariant embedding of U C Â G Z x V into a holomorphic U C -representation space such that ½e; 0 has minimal distance to 0. Then it follows from the definition of the gradient map that ½e; 0 A M p . Moreover, G Â G x S is G-locally closed in the holomorphic U Crepresentation. This shows that the slice neighborhood GS is a G-open neighborhood of x which admits the structure of a G-semistable space such that x A M p .
Moreover, we observe that a topological G-space X with topological Hilbert quotient p : X ! X = =G is a locally G-semistable space if and only if for each x A X there exists a complex reductive group U C containing G as a compatible subgroup and a G-open neighborhood of x in X which is G-equivariantly homeomorphic to G Â H S where H is a compatible subgroup of G such that G X H Z ¼ H and such that S is H-locally closed in a holomorphic H Z -representation space V . Here the Zariski closure of H is taken in U C . Example 2.9. Let X be a smooth G-manifold and assume that the action of G is proper. Then the topological Hilbert quotient coincides with the geometric quotient and at each x A X there exists a slice G Â G
In a G-semistable space, a closed G-orbit intersects M p in a unique K-orbit. In order to describe the intersection G Á x X X cc , we need the following two lemmas. Proof. The normalizer N G ðHÞ is invariant under the Cartan involution y, so it suffices to show that is consists only of finitely many connected components. By [9] , the group H Á Z G ðHÞ, where Z G ðHÞ denotes the centralizer of H in G, is of finite index in N G ðHÞ. Let U C be a complex reductive group containing G as a compatible subgroup. Then
The centralizer Z G Z ðH Z Þ is invariant under the Cartan involution y and it has only finitely many connected components since it is an algebraic group. Therefore it is compatible. Then Z G ðHÞ is compatible since the intersection of two compatible subgroups is compatible. Thus H Á Z G ðHÞ consists of only finitely many connected components and the claim follows. r Lemma 2.11. Let H be a compatible subgroup of G. Let g A G. Then gHg À1 is compatible if and only if g A K Á N G ðHÞ. In particular, if gHg À1 is compatible, then gHg À1 and H are conjugate in K, so gHg À1 ¼ kHk À1 for some k A K.
Proof. Let H ¼ L expðqÞ be the Cartan decomposition of H. Then for k A K, we have kHk À1 ¼ kLk À1 exp À AdðkÞq Á . Since the adjoint action of K stabilizes p, we conclude that kHk À1 is compatible. So for g A K Á N G ðHÞ, the group gHg À1 is compatible.
Conversely, if gHg À1 is compatible, we may assume g ¼ expðxÞ where x A p. The groups H and gHg À1 are y-stable since they are compatible. Therefore gHg À1 ¼ yðgHg À1 Þ ¼ yðgÞHyðg À1 Þ:
Explicitly, we have expðxÞH expðÀxÞ ¼ expðÀxÞH expðxÞ or equivalently expð2xÞ A N G ðHÞ. Since N G ðHÞ is compatible by Lemma 2.10 and since x A p, we conclude that x is contained in the Lie algebra of N G ðHÞ which implies g A N G ðHÞ. r It follows from Lemma 2.11 that for x A X cc the orbit G Á x intersects X cc in K Á N G ðG x Þ Á x. In particular, for y A G Á x X X cc the isotropy G y is conjugate to G x in K.
Isotropy stratification
3.1. The Isotropy Stratification Theorem. Let X be a locally G-semistable space and let p : X ! X = =G be the topological Hilbert quotient. For a closed compatible subgroup H of G we define X hHi :¼ fx A X cc ; G x ¼ Hg:
Note that we have a partition X cc ¼ S H X hHi , where the union is taken over all compatible isotropy groups of points on closed orbits. We call the G-saturated set
the G-isotropy stratum of H in X . In other words, I H ðX Þ consists of those fibers of p, where the unique closed orbit is of orbit type G=H. We abbreviate I H ðX Þ by I H and call I H a stratum, if no confusion is possible. (3) If I H i X I H j 3 j and I H i 3 I H j then there exists a g A G with gH i g À1 m H j .
Example 3.2. Consider the adjoint representation of a connected semisimple group G. There exist finitely many y-stable Cartan subalgebras h 1 ; . . . ; h n in the Lie algebra g of G such that each Cartan subalgebra is conjugate to one of these. A G-orbit in g is closed if and only if it intersects a Cartan subalgebra. If x A h i is a regular element, then the isotropy G x equals the centralizer H i :¼ Z G ðh i Þ of h i in G. Since a neighborhood of x in h i is a slice for the G-action, we conclude that the strata I H 1 ; . . . ; I H n are the open strata in g.
In the special case where G is complex reductive, all Cartan subalgebras are conjugate to each other, hence there exists an open and dense stratum.
3.2. The proof of Theorem 3.1. First note that I H i is G-saturated by definition and that X is the union of the strata since each orbit contains a closed orbit in its closure and since each closed orbit intersects X cc . The union is disjoint for if two strata I H and I H 0 intersect, the intersection contains a closed orbit, which implies that H and H 0 are conjugate in G.
Locally the stratification is determined by the stratification of a slice. For this, let ðG x ; S; V Þ be a slice model at x A X cc . Since S is a G x -semistable space, we have the notion of G x -isotropy strata in S. Moreover, a G-orbit G Á y with y A S is closed in X if and only if the G x -orbit G x Á y is closed in S. Note also that ðG x Þ y ¼ G y . Identifying GS with G Â G x S, we get
for a compatible subgroup H of G. Here the union is taken over all subgroups H i of G x such that H i is conjugate to H in G. In particular, we obtain
The stratum I G x ðSÞ is given by the intersection of S with I G x ðV Þ. But the closed G x -orbits in V with isotropy conjugate to G x are the G x -fixed points V G x and the orbits which contain a fixed point in their closure are orbits through points v A V which are the sum of a fixed point and an element of the nullcone N :
Since the nullcone is real algebraic in V ([2], Lemma 7.1), this shows that I G x ðSÞ is locally closed which in turn implies that I G x ðX Þ is locally closed.
We show that the stratification is locally finite. If X is a G-representation space, the strata are cones which by definition means that they are invariant under multiplication with positive real numbers. Then the stratification is locally finite at 0 A X if and only if there exist only finitely many strata in X . An arbitrary locally G-semistable space is covered by slice neighborhoods and the strata in a slice neighborhood are determined by the strata in a slice. A slice is a subspace of a representation space, so local finiteness follows from Proposition 3.3. Assume X is a G-representation which is given by restriction of a holomorphic U C -representation. Then there exist only finitely many strata in X .
Proof. Since the representation is completely reducible (Lemma 2.5), we have an invariant decomposition X ¼ W l X G . Replacing X by W , we may assume X G ¼ f0g.
Recall that we have the notion of a gradient map and its zero fiber M p on the Gsemistable space X . The strata in X are determined by the orbit types of closed orbits in X and the closed orbits intersect M p . But the strata as well as M p are cones in X , so up to the nullcone I G ðX Þ every stratum intersects S n X M p where S n is a sphere which is defined with respect to an arbitrary inner product. Therefore it su‰ces to show that M p X S n intersects only finitely many strata. Let ðG v ; S; V Þ be a slice model at v A M p X S n . Since the compact set M p X S n is covered by finitely many slice neighborhoods, it su‰ces to show that the slice neighborhood GS consists of only finitely many strata. But the Gisotropy strata in GS are determined by the G v -isotropy strata in S which in turn are determined by the G v -isotropy strata in the representation space V . Moreover G v is a proper compatible subgroup of G since X G ¼ f0g. Therefore the proposition follows by induction over the dimension and the number of connected components of G. r
Remark. If G acts properly on V , then there exists an open and dense stratum in V . The proof is similar to that of Proposition 3.3. Since every G-orbit is closed, the nullcone is trivial and the sphere S n can be covered by finitely many slice neighborhoods where each slice neighborhood contains a dense stratum by induction. If the dimension of V is greater than one, then the claim follows since S n is connected. If the dimension of V equals one, then there is a dense stratum since the strata are cones.
More generally, if X is a smooth G-manifold such that the G-action is proper and if the quotient X =G is connected, then there exists a dense stratum in X .
It remains to show the last statement of Theorem 3.1. For this, let x A I H i X I H j . Since the intersection is G-saturated, we may assume that G Á x is closed and that G x ¼ H j . Let ðH j ; S; V Þ be a slice model at x. The slice neighborhood GS and I H i are G-saturated, so GS intersects X hH i i . But this implies that H i is conjugate to a subgroup of H j . Thus the proof of Theorem 3.1 is completed.
Strata and slices
. Let x A X cc and let ðG x ; S; V Þ be a slice model at x. We will give a criterion for which choice of H i the stratum I H i ðSÞ in S is non-empty in Lemma 3.5. For this, we first observe that locally the defining set X hHi of I H ðX Þ is determined by 
Proof. Let p : G Â G x S ! G=G x denote the projection pð½g; sÞ ¼ g Á G x . The set of H-fixed points in the homogeneous space G=G x consists of isolated N G ðHÞ-orbits. Therefore there exists an open N G ðHÞ-invariant neighborhood W 0 of e Á G x in G=G x such that the H-fixed points in W 0 are given by N G ðHÞ Á e Á G x . Defining W :¼ p À1 ðW 0 Þ, the claim follows from G-equivariance of p. r
In the rest of this paper we assume that every non-empty G x -isotropy stratum in the slice S contains x in its closure. This can always be achieved by replacing S by an appropriate open neighborhood of x. More precisely, we remove the closures of the strata which do not contain x in their closure. By Proposition 3.3 this is only a finite number of strata. Then we choose a G x -open neighborhood of x inside the so obtained G x -invariant open neighborhood. This is possible by Corollary 2.3. Lemma 3.5. Let X be a locally G-semistable space, let x A X cc and let ðG x ; S; V Þ be a slice model at x. Then a G x -isotropy stratum I H ðSÞ in S is non-empty if and only if x is contained in the closure X hHi of X hHi .
Proof. First, if x A X hHi then S hHi is non-empty by Lemma 3.4 which implies that I H ðSÞ is non-empty.
Recall that S is a G x -semistable space with gradient map m p x : S ! p x . Since x is a G x -fixed point, the orbit G x Á x ¼ x is closed and a fortiori x is contained in the zero-fiber M p x of m p x . If I H ðSÞ is a non-empty stratum, we have x A I H ðSÞ. Then x A I H ðSÞ X M p x by Corollary 2.2. Thus there exists a sequence x n A I H ðSÞ X M p x which converges to x. The G x -isotropy at x n is compatible and conjugate to H. Therefore there exist k n A K x with k n x n A S hHi H X hHi by Lemma 2.11. But k n x n converges to the K x -fixed point x so we get x A X hHi . r 3.4. The splitting number. In this section we assume that X contains a dense stratum I H . Let x A X cc and let ðG x ; S; V Þ be a slice model at x. Recall that we assume that every open G x -isotropy stratum contains x in its closure. We define nðxÞ to be the number of open G x -isotropy strata in S. For an arbitrary point y A X we define nðyÞ :¼ nðxÞ where x is a point in the fiber p À1 À pðyÞ Á of the quotient p : X ! X = =G which is contained in X cc . We call nðyÞ the splitting number at y.
The splitting number is well defined. In order to see that, let x; x 0 A p À1 À pðyÞ Á X X cc . Then x 0 ¼ gx for a g A G. If S 0 is a slice at x 0 then S :¼ g À1 S 0 is a slice at x and the map g À1 : S 0 ! S, s 7 ! g À1 s sets up a one to one correspondence between open strata in S 0 and open strata in S. The following proposition implies that nðxÞ does not depend on the choice of the slice at x. Example 3.8. By the remark following Proposition 3.3, the splitting number is constantly one if X is a smooth G-space such that G acts properly on X .
If X is a complex space or a complex variety equipped with a regular action of a complex reductive group G, then it follows from Luna's Slice Theorem ( [6] ) that a stratum is locally closed with respect to the Zariski topology. Then, if X is irreducible, there exists a dense stratum in X . In particular, if X is normal, it is irreducible at each point which implies nðxÞ ¼ 1 for all x A X .
The Restriction Theorem
4.1. The Restriction Theorem. Let X be a locally G-semistable space containing a dense stratum I H ðX Þ. Then X is a locally N G ðHÞ-semistable space by Lemma 2.8 which in turn implies that the closed N G ðHÞ-invariant subset X hHi of X is a locally N G ðHÞsemistable space. In particular the quotient p N : X hHi ! X hHi = =N G ðHÞ exists.
We now state and prove our main result.
Restriction Theorem. Let X be a locally G-semistable space containing a dense Gisotropy stratum I H . Then the inclusion X hHi ,! X induces a continuous finite surjective map
For x A X , the number of points in the fiber F À1 À pðxÞ Á is equal to the splitting number nðxÞ. If x A X hHi with nðxÞ > 1, then F is not open at p N ðxÞ.
Here, by a finite map, we mean a proper map with finite fibers.
Remark. If X is a smooth manifold which is covered by G-open sets which are diffeomorphic to G-locally closed submanifolds of holomorphic representation spaces, then X hHi is a closed submanifold of X . For the proof, we refer the reader to Section 5.
Since a finite map is closed and a closed bijective map is open, we get If X is a smooth G-manifold such that the quotient X =G is connected and if the Gaction is proper, then a dense stratum I H always exists. In particular, if G is compact, the assertion of the Restriction Theorem is equivalent to a result in [11] .
For the action of a complex reductive group G on an irreducible normal complex affine variety X , a result similar to our Restriction Theorem was established in [5] . Here the map X H = =N G ðHÞ ! X = =G is considered and it is assumed that X H = =N G ðHÞ is irreducible. However, X hHi is a union of irreducible components of X H so the quotients X H = =N G ðHÞ and X hHi = =N G ðHÞ coincide under the additional assumption that X H = =N G ðHÞ is irreducible. Due to normality of X , the map F is an isomorphism of a‰ne varieties. V intersects one of the rays l 1 :¼ R f0 Á ðe 1 ; 0Þ and l 2 :¼ R f0 Á ð0; e 1 Þ. In this notation we identify R 2n and R n Â R n . Therefore the quotient X = =G is homeomorphic to l 1 W l 2 which is homeomorphic to R. Let H 1 :¼ J ðe 1 ; 0Þ and H 2 :¼ J ð0; e 1 Þ . The J-representation V consists of three strata, namely the nullcone I J ðV Þ and the open strata
In particular, the splitting number at ½e; 0 equals 2. The groups H 1 and H 2 are conjugate in K. Explicitly we have
dense in X and we may apply the Restriction Theorem. We get
Then the quotient X hHi = =N G ðHÞ is homeomorphic to f½e; v; v A l 1 g W f½k 0 ; v; v A l 2 g, which is homeomorphic to the disjoint union of two rays. With respect to these identifications, the map F is given by Fð½e; vÞ ¼ v for v A l 1 and Fð½k 0 ; vÞ ¼ v for v A l 2 . We observe that F glues the two rays at their boundary points.
4.2.
The proof of the Restriction Theorem. First note that we may assume that X is a G-semistable space. Then the quotient X = =G is homeomorphic to M p =K where M p is the zero fiber of the gradient map m p : X ! p. Moreover the quotient X hHi = =N G ðHÞ is homeomorphic to M n p =N K ðHÞ. Here n p denotes the intersection of p with the Lie algebra of N G ðHÞ and M n p is the zero fiber of the N G ðHÞ-gradient map m n p : X hHi ! n p .
The following lemma shows in particular that M n p is contained in M p which implies that the map F corresponds to a map f : M n p =N K ðHÞ ! M p =K such that the diagram
Proof. Since n p is a subspace of p, the inclusion X hHi X M p H M n p follows from the definition of the gradient map.
We show X hHi X M n p ¼ X hHi X M p . For this let x A X hHi X M n p . Since G Á x is closed, we have gx A M p for some g A G. The isotropy groups G x ¼ H and G gx ¼ gHg À1 are compatible, which yields g ¼ kh 
For x A M n p the number of points in the fiber f À1 À pðxÞ Á equals the number of N K ðHÞ-orbits in K Á x X M n p . Here we describe the 1-1-correspondence between these orbits and the open G x -isotropy strata in a slice at x explicitly. As a consequence we see that the number of points in the fiber f À1 À pðxÞ Á is equal to the splitting number nðxÞ. Proof. First, we show that C is well-defined. For kx A M n p H X hHi , the stratum I k À1 Hk ðSÞ is non-empty and open by Proposition 3.6. Assume that
This is equivalent to k 1 A N K ðHÞ Á k 2 Á K x which in turn is equivalent to the condition that k À1
1 Hk 1 and k À1 2 Hk 2 are conjugate in K x . But then k À1 1 Hk 1 and k À1 2 Hk 2 define the same G xisotropy stratum in S.
For injectivity, assume C À N K ðHÞ Á k 1 x Á ¼ C À N K ðHÞ Á k 2 x Á . Then I k À1 1 Hk 1 ðSÞ ¼ I k À1 2 Hk 2 ðSÞ and the compatible groups k À1 1 Hk 1 and k À1 2 Hk 2 are conjugate in G x . By Lemma 2.11 they are conjugate in K x . Thus we get N K ðHÞ Á k 1 x ¼ N K ðHÞ Á k 2 x.
It remains to show that C is surjective. By Proposition 3.6 a non-empty open stratum is of the form I k À1 Hk ðSÞ for some k A K with kx A X hHi . Then kx A M n p by Lemma 4.4 and surjectivity is proved. r
The inclusion M n p ,! M p is continuous and proper. Since N K ðHÞ and K are compact, this implies that f is continuous and proper. Hence, f is finite.
To prove the last assertion of the Restriction Theorem let x; y A M n p =N K ðHÞ with x 3 y and fðxÞ ¼ fðyÞ. Let W x and W y be open neighborhoods of x and y, respectively, such that W x X W y ¼ j. Assume that f is open at x. Since M n p X X hHi is dense in M n p by Corollary 2.2, there exists a z A W y X ðX hHi X M n p Þ=N K ðHÞ satisfying fðzÞ A fðW x Þ. But then fðzÞ A fðW x Þ X fðW y Þ, which is impossible since the restriction f : ðX hHi X M n p Þ=N K ðHÞ ! ðI H X M p Þ=K is injective by Corollary 4.1.
Smoothness of X hHi
We assume that X is a smooth locally G-semistable space and that I H is a dense stratum in X . The purpose of this section is to show that then X hHi is smooth.
Theorem 5.1. Assume X is a smooth locally G-semistable space containing a dense stratum I H ðX Þ. Then the closure X hHi of X hHi is open and closed in the fixed point set X H . In particular, X hHi is a closed submanifold of X .
Proof. First, we reduce the assertion of the theorem to the case, where X is a G-representation space. Assuming that X is a G-semistable space, the quotient X hHi = =N G ðHÞ is homeomorphic to M n p =N K ðHÞ. Moreover, we have M n p H M p by Lemma 4.4. Since X hHi and X H are N G ðHÞ-invariant, it therefore su‰ces to show that X hHi is open in X H at a point x A X hHi X M p . Let ðG x ; S; V Þ be a slice model at x. Locally near x, we have X hHi ¼ N G ðHÞ Á S hHi and X H ¼ N G ðHÞ Á S H by Lemma 3.4. Then it suffices to show that V hHi ¼ V H since S is an open neighborhood of 0 in V .
By [15] there exists a subset U of V H which is open with respect to the real algebraic Zariski topology such that G x Á v is closed for v A U. Furthermore, the set 
